Fast Iterative Methods for Reconstruction from
Non-Uniform Samples

Chris B Dock

Abstract

The problem of non-uniform sampling arises out of necessity in astronomy, seismology, tomography, and physics. Without
access to the Shannon Whittaker explicit reconstruction formula for uniformly sampled band limited signals, an iterative approach
is needed. By employing an adaptive weights scheme and exploiting the structure of Toeplitz matrices, the authors of [2] claim a
substantial improvement over so called “first generation” iterative schemes for the problem. The adaptive weights scheme provides
an efficient pre-conditioner which makes the approach applicable to a wider range of problems (with worse condition number), and
the structure of Toeplitz matrices provides fast matrix multiplication and also makes the conjugate gradient algorithm particularly
effective. In what follows I present the key arguments of their theoretical framework and investigate their claims numerically.

I. SAMPLING THEORY AND SETUP

The statement of the problem is as follows. Given f € L?(R) that is band-limited (ie there exists > 0 such that
suppf C [—9Q, —€)), and a collection of sampling points {t; };cz, we we would like to reconstruct f from the collection of
samples {f(t;)}icz. When this is possible, we would prefer the reconstruction to be efficient and numerically stable, as well
as to obey good theoretical error bounds. If the samples are uniform with ¢; = ¢7° with 1/2Q then the Shannon Whitaker
sampling theorem would give
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where sinc(z) = sin(z)/x. If, however, the sampling points are non-uniform then a different approach is needed. As it stands,
the problem presented is infinite dimensional and therefore unlikely to be amenable to numerical strategies. Fortunately, we
can employ the discrete Fourier transform to create an /N dimensional analog of the problem that, owing to the accuracy of
the DFT in approximating the Fourier transform, suffices. Namely, we define our band-limited space as

Bar = {s € CN|3(k) = 0 for [k mod N| > M} )
Where we take M < N/2 and

N
s(k) = \/Lﬁ S s(n)e2mikn/N 3)
=1

is the discrete Fourier transform. Our reconstruction problem then becomes to recover s from a collection of samples {s(n;)}¥ ;.
This is of course possible in principle whenever the N x 2M + 1 matrix
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is full rank, since in that case
$(—M) s(ny)
=TT (5)
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at which point the Fourier inversion formula can be applied to find s. The difficulty comes in performing this reconstruction
efficiently. To this end, the authors of [2] find it convenient to rephrase the problem slightly. For s € By, we have

M
s(n):Tlﬁ S s(k)ernikn/N (©6)

k=—M

Hence the authors interpret discrete signals of length N and bandwidth M as the restrictions of degree M trigonometric
polynomials of period 1 to arithmetic sequences in [0, 1). They define

Z §(k)627'rik‘t (7)



so that s(n) = p(n/N). Passing from uniform sampling to non uniform sampling then amounts to dropping the “arithmetic”
requirement on the sampling the sequence 0 <t; < --- <t,. < 1. If

M
Pu = {plp(t) = > are®™*} ®)

k=—M

then the problem becomes to reconstruct an arbitrary p € Pys from a collection of sampled values {p(t;)}i_;.

II. RICHARDSON ITERATION APPROACH

The authors next connect the problem to the stability of a particular frame operator and comment on the ubiquitously used
“first generation” approach to solving the above reconstruction problem. Note that so long as the sample points ¢; € [0,1) are
distinct the aforementioned matrix @ is full rank whenever » > 2M + 1. More is true, however. The authors give the following

Lemma 1. Let 0 < t; < --- < t, be r distinct sampling points in [0,1) and let p € Pys. Then p is uniquely determined by
its samples if and only if r > 2M + 1, and in this case there exist 0 < A < B so that

A [ Par < Y < B [ oo o)

Proof. Obviously the matrix ) cannot possibly be full rank if » < 2M + 1. On the other hand, if » > 2M+! then we use
the fact that e*Mp(t) = S"2™ ;e " is the restriction of a complex polynomial of degree 2)M to the unit circle, hence any
distinct 2M + 1 points determine e?**p(t) and thus p. Moreover, in this case the map

U (P [ lzzemy) = (C7 1] - i)

t
p(.1> (10)
\I/(p) = :
p(tr)
is linear, one to one, and invertible on its range. The fact that the dimension is finite gives the existence of A and B.[J

The authors next employ the following result from classical harmonic analysis that if

M . 1
_ omikt _ sin((M + 3)27t)
D (t) = Z ¢ N sin(7t)
k=—M
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is the Dirichlet kernel then
M

1 M
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Where 7 f(u) = f(u — t) is the translation operator on L?(T). Thus the map ¥ is given by
p(t1) (D, Tt, Dar) 2(m
Yp)=| : | = : (13)
p(tr) (p, 7, Dar) L2 (m)
or in other words precisely the analysis map for the frame {7;, Dy }"_; of Pjs. The corresponding synthesis map ¥* is
U*:C" = Py

U (w) = w;Dar(t —t;) (14)
=1

So that the frame operator for {7: Dps}7_; is
S: Py — Pu

T

Sp(t) = U Up(t) = Y p(ti) Das(t — t:)

i=1

15)



Borrowing from frame theory then we note that we have the following reconstruction formula for p

T

p(t) = Z<paTt¢D1M>L2(’]I‘)Sith7¢DJM(t) (16)

i=1
Thus the hope is to iteratively invert the frame operator S. Duffin and Schaeffer of [1] employ the Richardson iteration
rk+1) = 2 + A(b — Sxy,) to obtain
Lemma 2. Fix M € N and suppose r > 2M +1 and A\ < % where B is the upper frame bound in Lemma 1. Define iteratively
po =0,

Pn = Pn-1 +>\S(p7pn—l) 17

Then lim,, .o pr, = p for p € Py and moreover

[P = Pullz2cry < ¥"MIPllL2(T) (18)
where v = max{|1 — M|, |1 — AB|} < 1. Since Sp(t) = >_._, p(t;) D (t — ;) this is in fact a reconstruction from samples
only.

Proof. The authors note that (Sp,p)r2(ry = Y.._; |p(t;)|?, showing that S is a positive operator on Py;. Moreover by
Lemma 1 we have that

(1= AB)|lpl1Z2(r) < (M= AS)p, p)r2emy < (1= AA)[pl|72(m) (19)

Hence, given the definition of the iteration, we have that

I[P = pullzzry = [[T=AS)(p — pu—1llz2ry <A@ = Pr-1llzzery < - <A"[lp = pollz2(ry = v"lIpllL2(r)  (20)

This proof is of course exactly that of the convergence result for Richardson iteration in the particular case of the operator S. [J

The authors point out that Lemma 2 gives good convergence estimates only when one has explicit estimates for the constants
A and B and moreover when (B — A)/(B+ A) is small. For non-uniform sampling, this is often woefully inadequate since it
is difficult to derive explicit expressions for A and B and moreover in the presence of clustered sampling points the problem
can be very poorly conditioned, to the tune of x ~ 10'2 — 105, The authors suggest that the reason the above algorithm is still
used so frequently is its similarity to the Shannon-Whittaker sampling theorem, the discrete version of which says precisely
that
N—1
1 k k
) =— —)Dy(t— — 21

p(t) NkZ_Op(N) m(t =) @)
for any p € Py and for any N > 20 . They note that this is precisely the frame reconstruction formula in the case where the
sample points are uniform.

The operator S being somewhat abstract, the authors note that Lemma 2 can be put on a more numerical footing by “changing
basis”, or rather frame, via

Pn (t) = Z wgn)DM (t — ti) (22)

i=1
In which case if wgo) = p(t;) then we have Sp(t) = >, p(t:)Dm(t —t;) = >0, wEO)DM (t — t;) and furthermore
Spnfl(t) = SZ wgn_l)D]u(ﬁ — ti)

= Zwl(n_l)SD]y[(t - ti)

=1

~ -1\ 23)
:sz( UZDAj(tj—ti)DM(t—tj)
=1 j=1

= 3O utty -~ tuf" ) Duste 1)

j=1 i=1

sin(2m(M+4)(t;—tx)
STty —tn))

w™ = w4 A(w® — D) (24)

then the iteration in Lemma 2 becomes

So that if the matrix D € R™*" has entries D, = Dy (t; —ti) =



and the conclusion of Lemma 2 is that w(*) converges to w € C” such that p(t) = 3", w; Das(t —t;). The authors point out
that this makes clear the non-optimality of this approach, since the dimension of the relevant matrix grows with the number
of sampling points — making the problem harder with greater redundancy rather than easier.

III. TOEPLITZ STRUCTURE

To address this clear fault in the approach shown above, the authors propose to look at the action of the frame operator
S specificically on trigonemtric polynomials. This will result in a reformulation of the problem in terms of Toeplitz matrices
which can be exploited to reduce the dimension of the problem. Recall that

Definition 1. A matrix T' € C"*" is called Toeplitz if for all i and j A;; = A(iy1y,j+1) = ai—j, that is if each descending
diagonal of the matrix is constant.

If €27Mp is a degree 2M trigonometric polynomial so that p(t) = S, axe> ™ then

Sp(t) = p(t)Da(t — 1)
=1

M ) M N
_ Z( Z akeQﬂzktl)( Z eZTrz](t—tl)) (25)
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Thus if we define the 2M + 1 x 2M + 1 Toeplitz matrix 7" via

Tjp =Tir = Ze%“" o (26)
then Sp € Py has a vector of coefficients given by T'a where a is the vector of coefficients for the trigonometric polynomial
p. Precisely as was done in obtaining, (24) we may therefore change basis for the iteration scheme in Lemma 2 to find
Lemma 3. Let p(t) = Sonr _,, are® ¥t € Py with vector of coefficients a = (ak),ﬂ/fz_M €ECMH gndlet 0 <t < -+ <
t,. < 1 be an arbitrary sequence of distinct sample points with v > 2M + 1. Let b € C*M*1 be given by

b= _p(t;)e "kl 27)

Then for \ small enough and a'®) = 0 the iteration
a® = a*=Y L (b - Ta*~Y) (28)
converges to a € C*M+1 Since a(t) = \b requires only knowledge of the sample points, this is a reconstruction of p.

Proof. The proof is identical to the reformulation of Lemma 2 that lead to (24). Namely, we note that

M
Sp(t) = Z (Ta),e?mikt
k—_
:Zp YD (t —t5) (29)
— Z (Zp(tj)efwrikt 2mikt _ Z b e?mkt
k=—M j=1
If we then define a,(cn) via p,,(t) = Zk,f o a e2™kt then (25) with p replaced by p,,_; tells us that
M ..
Spr_1(t) = Z (Ta(n—l))j€2mjt (30)
j=—M

so that the Richardson iteration in Lemma 2 becomes precisely (28). [

This form is far preferable, since the size of 7' depends on the band limiting number 2M + 1 rather than on the number
of samples r. That said, however, one should note that (29) implies a further simplification is possible. Namely,



Lemma 4. Let p(t) = Yoot are®™* € Py with vector of coefficients a = (ar)M._,; € C*MH1 and let 0 < t) < --- <
t. < 1 be an arbitrary sequence of distinct sample points with v > 2M + 1. Let b € C*M*! be as in the previous lemma.
Then

a=T"'b GD
provides a reconstruction of p(t).

The authors note that numerous efficient Toeplitz solvers exist which could be deployed at this point, but they claim that
the approach is further improved by an adaptive weights algorithm Grochenig developed in [3].

IV. ADAPTIVE WEIGHTS PRECONDITIONER
The authors cite the following proposition derived by Grochenig in [3]

Proposition 1. Suppose that 0 < t; < --- < t, <1 and define the maximal gap  as
1

N (32)

0= max(ti+1 — ti> <

Where tg =t, — 1 and t,41 =11 + 1. Then

tip1 —ti—1
(1 —26M)2[[pl|22 ) < le )P < (1 200l 2y (33)
=1

holds for all p € Py,.

Proof. The authors of [3] consider an increasing sequence of points {z;}7_, € [1,0) with a maximum separation of § and
{y;}j=1 € [1,0) their midpoints. They then construct an operator on Py of the form

— ¥(Yple)x) 34

where x; = 1| ) and ¥ is the projection operator from earlier. The authors note that

p — Apll2 <Z / p()|Pdz 35)
Yji—1

They then apply the following version of the discrete ertlnger inequality

Yj—1,Yj

Lemma 5. Assume that s(1) = 0. Then for d > 0 we have
d—1

Z| (4sin? ﬁ)—l 3 As(n))? (36)

n=1
Where As(n) = s(n+ 1) — s(n)
Using this and the fact that |z; — y,| < 6/2, they obtain

r Yj 52 < 52
[ ) —pepPae < 5 [ W@lde = Sl @7
j=17Y¥i-1 j=1

Employing the discrete version of Bernstein’s inequality, the authors observe that for p € Py; we have |[p’||2 < 27 M ||p||2 so
that finally
Ip — Apl[3 < 26M||pl|> (38)

Note finally that this implies ||l — Allop < 26M so that

A~ ||0p:||z (I—A)"[lop

(39
< Z 20M)" = (1 —206M)*
Thus A is invertible with bounded inverse on P,; and we deduce that
T " X5 — Tj_
(1=26M)?|Ipl13 < 11D pl@)xills = |p($j)|2% < (1+20M)?||pll3 (40)

j=1 j=1



This concludes the proof. [

The authors of [2] note that this weighting “compensates local variations in sampling density”. Namely, they have the following
proposition:

Proposition 2. Suppose that 6 < 1/2M and let p € Pyy. Set b € C2M+1 with entries
b= p(t;)wje " (41)
j=1
for |k| < M and w; = (tj41 —tj—1)/2. Then create the Toeplitz matrix

(T = (Tw)i—k = ije2m(l—k)t W)
j=1

for |l],|k| < M and calculate a = T;;'b. Then ZQ/[:_ o k€2 * s the desired reconstruction of p from samples and moreover

the condition number of T, satisfies

1+20M

1—26M
Finally, the numerical inversion algorithm the authors propose to use is conjugate gradient descent. This provides a substantial

acceleration and is applicable since the relevant Toeplitz matrices are positive definite. They cite the following familiar

proposition

cond(Ty,) < ( )2 (43)

Proposition 3. Let A be a positive definite N x N matrix with smallest eigenvalue \ and largest eigenvalue A. Then let
xzo € CN be arbitrary, ro = qo = b — Axg. For n > 1 set

<Tn—1a Qn—1>

Tpn = Tp—1+ <Aqn71>Qn71> n—1
<Tn717qn71>
Tn =Tn-1— 77— AGn— (44)
" et <AQn—17Qn—1> =1
Gn = Ty — <T7L7AQn—1> )
" " <AQn717qn71> "

Then x,, converges in at most N iterations to the exact solution of Ax = b. For n < N the error is at most

VA4V
VA -V

V. ALGORITHM

[z — 2nlla < 2( )? 45)

The above sections lead immediately to the following algorithm for the reconstruction of band-limited functions from non-
uniform samples

Theorem 1. Let M be the size of the spectrum and let 0 < t; < --- < t, < 1 be an arbitrary sequence of sampling points
with v > 2M + 1. Set to =t, — 1 and t,+1 = t1 + 1 and let w; = %(tj_i'_l —tj_1) and compute

e = Z eQﬂ'iktj wj (46)
j=1

so that the associated Toeplitz matrix has (Ty,)ix = Yi— for |k, |l] < M. To reconstruct a trigonometric polynomial p € Py
from its samples p(t;) compute first

b = Zp(tj)wje_zmktf 47
j=1
for |k| < M and set 1o = qy = b € C2M+L Compute iteratively for n > 1
<Tn—17 Qn—1>
Ap =QAp-1+ 57— qn—1 (48)
<Tanfla Qn71>
<7An71; Qn71>
'n =Tp—1— —qunfl (49)
<qu”—17 Qn—1>
<Tn7 EUQn—1>

= — (50)
i " <qun71aQn71>qn !



Then a,, converges in at most 2M + 1 steps to a vector a € C*M*1 solving T,,a = b. The reconstruction of p is given by

M ; . . .
pn(t) = Zk: M an7ke2mkt € Pur denotes the reconstruction of after n iterations. Moreover

(Z [p(t) = pu(ts)|w;)'/? < 225M)" (Y Ip(t;)[Pwy)'/?

Jj=1

Proof. Most of the proof is contained in the sections above, the only part that remains is (51). The authors note that

> Ip(t)Pw; = (Swp,p) = (Twa,a) = ||al[7,,
j=1

The conjugate gradient error bound will give the result since (40) implies

(1—-20M)* <A< A< (1+25M)2

VI. NUMERICS

I used the following matlab code to approach testing the algorithm above:

% Setup

r=300;

M=20;

t = (l:r)/r+ randn(l,r)/r;

aa = randn(l,2+xM+1);

s = arrayfun(@(x) testpoly(x,M,aa), t);

o

M is the bandwidth, r is the number of samples
t are our sample points
S are our samples
aa are the true coefficients
w are the preconditioner weights
Tw is the relevant Toeplitz matrix
b is the initialization of conjugate gradient descent
= zeros(l,r);
for k =2:(r-1)
w(k)=.5*(t (k+1) -t (k-1));
end
w(l)=.5%x(t(2)-t(r))+.5;
w(r)=.5x(t (1)-t(r-1))+.5;
Tw =zeros (2+«M+1, 2«M+1);
for 1=-M:M
for j = -M:M
Tw (1+M+1, 3+M+1) = dot (w,exp (—2+pixlix (1-7)*t));
end
end

o° o° o° o° o° o°

B

b=zeros (1,2+«M+1);
for k=-M:M
b (k+M+1)=dot (w.*s, exp (2+xpixlixkxt));
end
r0=b;
q0=b;
a0=randn (1, 2+xM+1) ;
for n=1: (2+«M+1)
a a0 + gO0xdot (r0,g0) /dot (gO0*Tw, g0) ;
r = r0 - (g0xTw) xdot (r0,g0) /dot (g0xTw, g0) ;
g =r - gqO0*xdot (r, g0xTw)/dot (q0*Tw, g0) ;

(S

(52)

(53)



al=a; r0=r;g0=qg;
end
disp (dot (a0-aa, (al-aa) *Tw) )

function p = testpoly(t,M, aa)
p = dot (aa, exp(2+*pixlix (-M:M)xt));
end

The algorithm presented herein managed to quite accurately reconstruct the randomly generated band-limited functions I
produced across a wide range of randomly generated sample points. It also did so much more reliably than when I replaced
the conjugate gradient section of the code with Richardson iteration or, interestingly, direct inversion use Matlab’s b\ T,
functionality. I used the 7, norm to estimate the error between a and the output of conjugate gradient descent on b. Moreover,
the time the algorithm took did not depend strongly on the number of sampled points. Interestingly, I found that the algorithm
maintained a baseline level of error even as the number of sampling points increased. I suspect that this is due to to the extreme
sensitivity of trigonometric polynomials to changes in their coefficients, which were slightly off due to floating point errors.
This phenomenon can be seen quite clearly in Figure 3, in which M = 10 is fixed and r increases. Figure 1 contains some
signals and their reconstructions using the above algorithm.

There are essentially three parameters that affect the performance of the above algorithm. Two of them, the number of
samples r and the bandwidth M, can be controlled and tested thoroughly with some ease. The third, namely the distribution of
sample points (or more directly the spectrum of the matrix 73,) is more difficult to investigate completely. Figure 2 shows the
dependence of the reconstruction performance on r and M varying together — essentially on the complexity of the problem.
Figure 2 appears to show therefore that the error grows, approximately and on average, as the square root of the “size” of
the reconstruction problem. Meanwhile, somewhat oddly, Figure 3 appears to show that increasing the number of samples
essentially does not noticeably increase the performance of the algorithm so long as r > 2M + 1, at least not in this “close
to uniformly distributed” sample points case. This would appear to somewhat limit the utility of the algorithm in practical
contexts, given its relative complexity. Finally, in Figure 4, r is held constant at 20 sample points and the bandwidth M is
increased — evidently leading to a linear increase in the error. Interestingly, the error doesn’t demonstrate a jump as M passes
through (r — 1)/2 — the theoretical critical point indicated by Theorem 1.

In order to investigate the dependence of the algorithm in Theorem 1 on the distribution of the sample points, I essentially
created an ensemble of distributions that that interpolated between the “close to uniform sampling” distribution ¢; = i/r + ¢;
where ; is uniformly distributed in [—7/2,7/2] and a uniform distribution on [0, 1] (confusingly, this situation is far from
uniform sampling). Figure 5 shows the average error over 10000 runs for each distribution in the aforementioned interpolative
ensemble. The result depicted in ?? actually makes a lot of sense — the average performance of the algorithm over many many
runs is essentially invariant as we shift from “close to uniformly sampled” to “jointly uniform on [0,1]”. The reason for this is
that the two distributions are the same in expectation, indicating that the outliers (in which case uniform on [0,1] looks very
different from uniformly sampled) don’t have a significant effect on the error. This indicates that the algorithm has a degree
of robustness with regards to changes in the distribution of sampling points, at least probabilistically and along this particular
axis of change. Obviously, if the sampling were made “maximally non-uniform” by putting all of the samples in esssentially
the sampe place, the performance would be terrible.
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Error in Reconstruction as a function of £ and M together
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Fig. 2. Each value of ¢ represents 20 runs through the reconstruction algorithm with uniformly distributed trigonometric polynomial coefficients and sampling
points distributed according to ¢; = ¢/r + §; where ; is uniformly distributed in [—7/2, 7/2]. The average error over this distribution is plotted, as well as

the standard deviation. In each trial, M = 37 and r = 10s.



Error in Beconstruction as a function of r
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Fig. 3. Each value of ¢ represents 20 runs through the reconstruction algorithm with uniformly distributed trigonometric polynomial coefficients and sampling
points distributed according to ¢; = ¢/r + §; where ; is uniformly distributed in [—7/2, 7/2]. The average error over this distribution is plotted, as well as

the standard deviation. In each trial, M = 10 and r = 107 + 20.



Error in Reconstruction as a function of A
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Fig. 4. Each value of ¢ represents 20 runs through the reconstruction algorithm with uniformly distributed trigonometric polynomial coefficients and sampling
points distributed according to ¢; = ¢/r + §; where ; is uniformly distributed in [—7/2, 7/2]. The average error over this distribution is plotted, as well as
the standard deviation. In each trial, M = 4 and r = 20.



Error in Reconstruction as a function of distribution
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Fig. 5. Each value of j represents 10000 runs through the reconstruction algorithm with uniformly distributed trigonometric polynomial coefficients and
sampling points distributed according to the interpolated distribution ¢; = (1 — ;—5)t§1) + 23—5152(2) and tgl) is the almost uniform sampling distribution used

earlier and tl(.z) is the uniform distribution on [0, 1]. Here M = 5 and r = 20 for all twenty five thousand trials.



